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Quantum degeneracy pressure (QDP) underscores the stability of matter and is arguably the
most ubiquitous many-body effect. The associated Fermi surface (FS) has broad implications for
physical phenomena, ranging from electromagnetic responses to entanglement entropy (EE) area law
violations. Given recent fruitful studies in condensed-matter physics under effectively non-Hermitian
descriptions, it becomes urgent to study how QDP and many-body interactions interplay with non-
Hermitian effects. Through a prototypical critical 1D fermionic lattice with asymmetric gain/loss,
a real space FS is shown to naturally emerge, in addition to any existing momentum space FS.
We also carefully characterize such real space FS with the EE, by a renormalized temperature that
encapsulates the interplay of thermal excitations and non-hermiticity. Nearest neighbor repulsion
is also found to induce competing charge density wave (CDW) that may erode the real space FS.
The underlying physics surrounding criticality and localization is further analyzed with complex
flux spectral flows. Our findings can be experimentally demonstrated with ultracold fermions in a
suitably designed optical lattice.
In a wide variety of systems such as quantum Hall liq-
uids, superconductors and neutron stars, it is the emer-
gent many-body effects, rather than single-particle be-
havior, that give rise to their respective signature proper-
ties. Arguably quantum degeneracy pressure (QDP) rep-
resents the most ubiquitous many-body effect, where the
Pauli exclusion principle underscores both the rigidity of
everyday-life solids [1–3] and the stability of neutron stars
[4]. A primary consequence of QDP is the formation of
a Fermi surface (FS), which bounds a sea of impenetra-
ble fermions in optimal energetic configuration. Dictat-
ing the available quasi-particle excitations and semiclas-
sical contours, the FS shape crucially controls transport,
magnetization and optical properties [5–13]. As an ex-
tended critical region, a FS also violates the celebrated
area law for entanglement entropy (EE), whose deep re-
lation with many-body couplings have spurred the study
of holographic duality [14–25].
Non-Hermitian descriptions of condensed-matter sys-
tems [26–56] have provided an effective and fruitful
framework to account for inelastic collisions [27], disorder
effects [28–30], and system-environment couplings [31–
34]. This research avenue has extended the domain of
condensed-matter physics with inspiring insights. It is
therefore necessary and urgent to study the implications
of non-Hermiticity for QDP. In particular, nonreciprocal
hopping in a lattice system defines a preferred pumping
direction, thereby causing all eigenstates at the single-
particle level to accumulate at the boundaries. How-
ever, this non-Hermitian phenomenon, coined the non-
Hermitian skin effect [44–56], cannot possibly persist in
the presence of QDP and many-body interactions, which
will at the very least prohibit multiple occupancy at the
boundaries.
In this work, we show how the non-Hermitian skin ef-
fect can naturally yield a Fermi sea in real space. Because
spatial particle accumulation is not physically identical
with the Fermi sea condensation in energy space, we next
justify how this emergent accumulation corresponds to
a bona-fide FS at the level of the EE, characterized by
a renormalized temperature depending on both physical
temperature and hopping asymmetry. Furthermore, we
observe the erosion of the emergent FS by the charge-
density-wave (CDW) arising from the nearest neighbour
(NN) repulsion. Finally, we visualize these interplay in
terms of spectral flows, and suggest a cold-atom setup
for future experimental demonstration.
Interacting fermions with asymmetric gain/loss.– We
consider a minimal model that captures the interplay
between asymmetric non-Hermitian gain/loss and two
types of many-body effects: (i) fermionic QDP and (ii)
NN repulsion. As illustrated in Fig. 1(a), it consists of
spin-polarized repulsive fermions hopping along a chain
of length L with open boundaries conditions (OBCs):
H =
L−1∑
x=1
{J(eαc†xcx+1 + e−αc†x+1cx) + Unxnx+1}, (1)
where c†x/cx is the fermion creation/annihilation opera-
tor at site x and nx = c
†
xcx is the corresponding fermion
number operator. Two fermions are forbidden from oc-
cupying the same site, and will incur an energy penalty
of U > 0 if they occupy adjacent sites. The nonreciprocal
left/right hoppings Je±α can be understood as asymmet-
ric gain/loss and are within reach of experiments [57–60].
Unless otherwise stated, we shall assume half filling (pres-
ence of n = L/2 fermions).
The OBC spectrum of this simple ansatz system is al-
ways real and gapless (Fig. 1(b)), as seen through the spa-
tially inhomogeneous similarity transform c†x → c†xexα,
which eliminates the e±α factors in Eq. (1) and keeps ni
invariant [61]. As such, familiar concepts like the ground
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FIG. 1. (a) Our fermionic chain Eq. (1) with asymmetric
gain/loss Je±α and NN interactions U . (b) Its OBC den-
sity of states (DOS) at U = 0, corresponding to a real gapless
spectrum. (c) Spatial density of the GS at U = 0 and half fill-
ing L = 2n = 12, which reveals a real space FS that becomes
sharper with increasing α asymmetry.
state (GS) and energy gaps remain applicable. Since the
spectrum is agnostic to the non-Hermitian asymmetry
α, the interplay between many-body effects and non-
Hermiticity is only manifested at the eigenstate level.
Henceforth we focus on the eigenstates, except when
studying broader implications on bulk-boundary spectral
correspondences.
Emergent real space Fermi surface.– Demarcating the oc-
cupied Hilbert space boundary, a FS plays a dual role to
the entanglement cut and allows the EE to be expressed
in a position-momentum symmetric manner [62–64]. As
such, a real space FS can co-exist on equal footing with
an ordinary momentum space FS.
Here we show how a real space FS emerges natu-
rally from the interplay of non-Hermiticity and QDP.
Consider first the case without NN repulsion (U = 0).
At the single-particle level, H|U=0 possesses non-Bloch
eigenstates ψj(x) = Nje−xα sin pijxL+1 with corresponding
eigenenergies εj = 2J cos
pij
L+1 and normalization con-
stants Nj [65]. For α > 0, the eigenstates are all expo-
nentially localized at the left boundary (x = 1) with lo-
calization length α−1, as implied by the above-mentioned
similarity transformation. Physically, they also represent
the steady state solutions of a biased random walk on a
bounded 1D chain.
Multiple fermions, however, will not be allowed to
all localize at x = 1 due to QDP. We characterize the
spatial density of an n-fermion state ψµ(x1, ..., xn) by
ρµ(x) =
∫ |ψ(x1, ..., xn−1, x)|2 ∏n−1i=1 dxi, and define the
thermal-weighted density ρ(x) =
(
N
n
)−1∑
µ e
−βEµρµ(x)
with temperature β−1, where Eµ is the energy of ψµ. For
β →∞, we obtain the GS density ρ(x)(GS).
From Fig. 1(c), ρ(x)(GS) is seen to be spatially uni-
form for reciprocal hopping (α = 0). As α increases,
we observe a competition between asymmetric hoppings
e±α and QDP: While even a tiny α has the propensity
to localize each fermion towards the left boundary, the
QDP forces all the n fermions to forbid another from oc-
cupying the same site. As such, ρ(x)(GS) is symmetric
about the n and (n + 1)-th site, with profile controlled
by the exponential tail of a single-fermion eigenstate. In
the extremely asymmetric limit of |α| → ∞, hoppings
become unidirectional, and the density profile becomes
a jump discontinuity. Note that this nontrivial compro-
mise of QDP and asymmetric gain/loss only applies to
fermions, since multiple bosons will be allowed to con-
dense macroscopically at one boundary, just like isolated
bosons.
From Fig. 1(c), ρ(x)(GS) very closely resembles to a
Fermi-Dirac spatial profile of the form ρFD(x) = (1 +
eΛ(x−n−1/2))−1, with Λ ∼ 4α rigorously derivable from
the Slater determinant [65]. Attractive as this identifica-
tion looks, Λ cannot represent an effective inverse tem-
perature because it is conjugate to position, not energy.
To transcend this subtlety and determine the exact sense
in which we have an emergent real space FS, a universal
recourse is the entanglement entropy, whose scaling be-
havior reveals both the temperature and FS properties.
Conformally transforming standard results [15, 66], the
EE Sent,β of a finite critical half-filled 1D system scales
like
Sent,β ∼ c
6
log
[
β
pi
sinh
piLA
β
]
+ const., (2)
where β is the inverse temperature, LA is the position
of the entanglement cut and c = 1 is the central charge
for our fermionic model. Its logarithmic form violates
the area law of EE scaling, which states that the EE of
a gapped 1D system should plateau beyond sufficiently
large system size. In the following, we shall also in-
vestigate how this violation is further modified by non-
Hermiticity α.
To obtain the EE, note that non-Hermitian Hamilto-
nians, even those with real spectra, generically possess
different left and right eigenvectors defined by H†|ψL〉 =
ε∗|ψL〉 and H|ψR〉 = ε|ψR〉. As such, the density ma-
trix can either be defined biorthogonally i.e. [ρRL]µν =
|ψRµ 〉〈ψLν |, or with respect to only left or right eigen-
vectors i.e. [ρRR]µν = |ψRµ 〉〈ψRν |. In this work, we
shall take the latter option because we are interested
in the eigenstates themselves, rather than computing
probability-conserving expectation values of observables
[67, 68]. From ρRR, we can trace out degrees of free-
dom other than A and define a reduced density ma-
trix ρRRA = TrAc |ψR〉〈ψR| =
∑
r λ
2
r|ψRr,A〉〈ψRr,A|, where
|ψR〉 = ∑r λr|ψRr,A〉 ⊗ |ψRr,Ac〉 is the Schmidt decomposi-
tion of a representative |ψR〉 and Ac is the complement
of A. The von Neumann EE with respect to the entan-
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FIG. 2. EE behavior giving rise to renormalized tempera-
ture and hopping asymmetry. (a) OBC EE vs. α at differ-
ent inverse physical temperatures β with L = 2LA = 12 at
half filling. The β-independent α > 2.1 regime and logarith-
mically scaling α < 2.1 regime are detailed in (b,c) respec-
tively. (b) Large α regime fitted to Eq. (4) with renormalized
asymmetry αe = η(α − α0), where α0 = 2.1, η = 1. (c)
Small α regime fitted to Sent,βe from Eq. (2) with renormal-
ized temperature βe = β + 0.75αβ + 1.25α
2. (d) OBC EE
vs. α at zero temperature for different subsystem lengths LA
and L = 12 at half filling. Eq. (4) still fits excellently, with
α0 = {0.5, 0.8, 1.2, 1.5, 2.1} and η = {3.0, 2.7, 2.5, 1.7, 1.0} for
LA = {2, 3, 4, 5, 6}.
glement cut separating A and Ac is given by
Sent = −Tr[ρRRA logρRRA ]
= −
∑
r
[λr log λr + (1− λr) log(1− λr)], (3)
with A and RR made implicit from now on.
From Fig 2(a), Sent behaves very differently across the
regimes of weak and strong α, demarcated at α0 ≈ 2.1
for the parameters (LA = L/2 = 12) used. In the weak α
regime, which is further elaborated in Fig 2(c), Sent varies
strongly with both α and inverse temperature β, sugges-
tive of their strong interplay. In the strong α regime
(Fig 2(b)), however, Sent shows little dependence on β,
suggesting that sufficiently strong hopping asymmetry
e±α generates a robust real space FS that dominates any
smudging effect from the original thermal ensemble.
Renormalized temperature and gain/loss asymmetry.– In-
terestingly, the effect of the α in the weak asymmetry
regime α < α0 can be understood as a renormaliza-
tion of the effective temperature. Intuitively, asymmetric
gain/loss pushes all fermions towards one side, decreas-
ing their configurational freedom and hence increasing
the cost of ”excitations”. At the level of EE, this reduc-
tion of freedom reduces the entanglement, mirroring the
entanglement drop with decreased thermal excitations.
This is substantiated by the fitted curves in Fig. 2(c),
where the EE (LA = L/2) for 0 < α < α0 is shown
to agree very well [69] with its Hermitian (α = 0) ex-
pression Eq. (2), but at a renormalized inverse temper-
ature βe = β + 1.25α
2 + 0.75αβ. The α2 and αβ terms
respectively represent the effective temperature suppres-
sion due to the real space FS and the mutual coupling
between the real space and momentum space Fermi seas.
Substituting βe into Eq. (2), we obtain an EE expres-
sion that violates the area law with an unconventional
temperature dependence.
In the strong asymmetry regime of α > α0, the EE be-
comes almost temperature independent, indicating that
the EE is dominated by the sharp real space FS. This can
be further understood through a 2-qubit model, where it
is the asymmetry parameter α that becomes renormal-
ized instead. Due to the sharp FS, we can approximate a
generic state by |ψ〉 ∝ eαe/2|1A0A¯〉+e−αe/2|0A1A¯〉, where
A, A¯ are the subsystems demarcated by an entanglement
cut. Taking a partial trace over the A¯ qubit in the density
matrix ρ = |ψ〉〈ψ|, we obtain the reduced density ma-
trix ρA = e
2αe/(1+e2αe)|0A〉〈0A|+1/(1+e2αe)|1A〉〈1A|,
which possesses the EE
Sent,A = − 2αe
1 + e−2αe
+ log(e2αe + 1), (4)
which from Fig. 2(b) agrees very well with the actual EE
of our model Eq. (1) when α > α0, with the renormalized
α simply given by αe = α−α0. This validates our 2-qubit
caricature in the α > α0 regime, below which thermal
excitations are sufficiently strong to break down this two-
level picture and produce EE beyond log 2 ≈ 0.69.
At zero temperature, our 2-qubit model remains fully
applicable even when the entanglement cut does not coin-
cide with the real space FS, i.e. LA 6= n, where n = L/2
in our case for half filling. Shown in Fig. 2(d) are ex-
cellent fits of the EE Sent with Eq. (4) for LA = 2 to 6
(n = 6), with details of αe given in the caption. For suf-
ficiently large α, Sent drops sharply when the emergent
real space FS is not aligned with the entanglement cut,
implying that the FS harbors most of the entanglement.
Competiting CDW and asymmetric gain/loss.– We now
turn on the NN repulsion U and study how it can
destabilize the emergent FS. Like QDP, nonzero U > 0
also serves to counteract boundary mode accumulation
through repulsion. Indeed as portrayed by Fig. 3(a), in-
creasing U smooths out the FS in a way naively reminis-
cent of decreasing the α asymmetry.
A closer examination of the individual eigenstate pro-
files reveals striking differences between QDP, which acts
relentlessly on all fermions, and U repulsion, which only
assigns finite energy penalties. We consider the inverse
participation ratio (IPR) [70], IPR (µ) = 1n
∑
x |〈x|ψµ〉|4
(〈ψµ|ψµ〉)2 ,
which reveals the real space locality of the µ-th right
eigenstate ψµ: IPR (µ) = L
−1 or 1 in the extreme cases
where ψµ is spatially uniform or localized on one site
respectively. Focusing on the GS (µ = GS) which is min-
imally penalized by U , we observe an enigmatic trend
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FIG. 3. NN interaction U which induces CDW interplay with
α, all with n = 7 and L = 13. (a) Spatial GS density, with FS
destabilized by increasing U . (b,c) IPR/γCDW of the GS vs.
α, both of which are non-monotonic with α. (d) GS spatial
profiles at U = 4 and various α as indicated by the purple dots
in (c). As α increases, the CDW gives way to the FS, with
the localization (IPR) minimized at an intermediate stage.
in Fig. 3(b) where the IPR can vary non-monotonically
with α. In the U = 0 limit, the IPR simply increases
monotonically with α to its maximal value as the FS be-
comes sharper. But with nonzero NN repulsion U , the
IPR actually dips before rising again, signifying a com-
peting delocalizing influence.
Intuitively, the NN repulsion can favor charge density
waves (CDWs) because it repels adjacent fermions but al-
lows them to accumulate freely as next-NNs. To check if
this intuition corroborates with the non-monotonic IPR
behavior, we compute the CDW imbalance parameter
γCDW(µ) =
2
L
∑L−1
x=1 |ρµ(x + 1) − ρµ(x)| for µ = GS,
which ranges from 0 to 2 depending on how closely the
GS assumes a ferromagnetic or anti-ferromagnetic spa-
tial density profile. From Fig. 3(c), it is evident that
around the dip in IPR, the GS γCDW is indeed large even
for moderately strong U . To completely interrogate this
CDW behavior, we examine the density profiles of the
U = 4 case at various α (Fig. 3(d)). Indeed, the large
IPR at small and large α are due to different reasons,
namely CDW and FS localization respectively.
Spectral analysis of interplay.– Ultimately, the real space
FS is a consequence of fermion accumulation under
OBCs, but not periodic BCs (PBCs). To understand the
OBC accumulation more deeply at the level of the entire
spectrum, we interpolate between OBC and PBC by adi-
abatically turning on the hoppings Je±α and repulsion
U between the first and the last sites from 0 to 100%.
In general, PBC and OBC spectra and their respective
eigenstate profiles can be drastically different. A longer
OBC-PBC spectral flow trajectory implies stronger spa-
tial accumulation [65], as shown in Fig. 4 for various NN
repulsion strengths U between 2 fermions, where yellow-
purple curves connecting the PBC eigenenergies (circled
purple dots) collapse onto real OBC eigenenergies (small
yellow dots). In the weakly repulsive U = 1 case, both
PBC and OBC spectra are gapless (forming a single clus-
ter), but larger U repulsions leads to the formation of a
high energy eigenenergy cluster (band), opening up a real
OBC Mott gap.
The dispersion of this high energy band, as well as the
insulating gap width, can be partially understood from
the OBC-PBC spectral flow. In the large U = 20 limit,
a high energy state experience strong effective attrac-
tion instead of repulsion, and contains both fermions in
adjacent sites. Since localization property of this con-
figuration is largely agnostic to boundary conditions, we
expect its PBC to OBC trajectories to be very short,
with almost identical PBC and OBC eigenenergies and
minute intraband dispersion. As U decreases, the PBC-
OBC flow trajectories from the higher band necessary get
longer, and will eventually intersect with those from the
lower band, as for U = 5. This gives a scenario where
the OBC spectrum is gapped while the PBC spectrum is
critical, which we also see is inevitable from the spectral
flow analysis.
Proposed demonstration with cold atoms.– Our emergent
FS and competing CDW can be qualitatively realized
in any fermionic lattice with effectively asymmetric hop-
ping. Recently, it was realized that such nonreciprocal
hopping can be effectively implemented (in a rotated rep-
resentation) by introducing atom loss only [34, 60, 71].
This implementation is especially feasible in cold-atom
systems trapped in optical lattices [72, 73].
As an example, we propose a 2-level setup H = H0 +
HnH +Hint, with the Hermitian non-interacting part
H0 = −
∑
j
[
itq cˆ
†
j,↑cˆj,↓ + td(cˆ
†
i,↑cˆj+1,↓ − cˆ†i,↑cˆj+1,↓)
+tp(cˆ
†
j,↑cˆj+1,↑ − cˆ†j,↓cˆj+1,↓)
]
+ h.c., (5)
on-site dissipation HnH = −igcˆ†i,↓cˆi,↓ added to
the pseudospin-down component, and Hint =∑
j
∑
σ,σ′ Unj,σnj+1,σ′ (σ = ↑, ↓) being the NN in-
teraction tunable by Feshbach resonance [72, 73]. Note
that H0 has already been realized in a resonantly driven
1D optical lattice with ”two-tone” periodic lattice
shaking, where the pseudospin is simulated by two
orbitals [74]. HnH can be induced by resonant exciting of
the atoms out of their orbitals [75]. The atomic density
ρ(x) can be experimentally resolved at atomic resolution
[76–78], and therefore experiments can indeed probe the
interplay between the CDW and the FS localization.
Clearly then, our proposal is already within reach of
today’s experimental techniques.
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FIG. 4. (a)/(b)/(c) PBC vs. OBC spectra for 2 fermions with various NN repulsion U = 1/5/20, and how the PBC-OBC
spectral evolution reflects interplay between NN repulsion and asymmetric gain/loss pumping. In the center row, the PBC/OBC
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curves correspond to more similar spatial localization lengths. We used α = 1 and L = 10 throughout.
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Supplemental Online Material for ”Emergent Fermi surface in a many-body
non-Hermitian Fermionic chain”
This supplementary contains the following material arranged by sections:
1. Analytic derivations and numerical results for the spatial density distribution, which exhibits a ”Fermi surface” discon-
tinuity for sufficiently large hopping asymmetry.
2. Entanglement entropy results on this emergent Fermi surface, which interrogates its unconventional properties via finite
size, finite temperature and hopping asymmetry scalings.
3. PBC-OBC spectral evolution in terms of the evolution of the many-body eigenstate profile.
SI. SPATIAL DENSITY DISTRIBUTION AND REAL SPACE FERMI SURFACE
A. Analytic derivation for non-interacting case
1. Single-body exact solution for OBCs
Consider our Hamiltonian (Eq. (1) of the main text) in the non-interacting limit:
H = J
∑
i
a c†i+1ci + a
−1c†i ci+1, (S1)
where a = eα. Under PBCs with a system length of L sites, the solution is obvious upon writing the Hamiltonian in
momentum space : H(k) = aeik + a−1e−ik, with k = 2pij/L, j ∈ 1, ..., L. Under OBCs, the (right) eigensolutions for
this simple Hamiltonian H still possesses an exact analytic form: Hψj(x) = εjψj(x), where
εj = 2J cos
pij
L+ 1
, (S2a)
ψj(x) = Nja−x sin pijx
L+ 1
, (S2b)
with the normalization constant given by
Nn =
√√√√ (a2 − 1)(4a2 + (a2 − 1)2csc2 npiL+1)
a2(a2 + 1)
(
1− a−2(L+1)) . (S3)
It is not hard to show that in the Hermitian limit of a → 1, Nj →
√
2
L+1 . Note that the Nj above corresponds
to the normalization convention defined by
∑
x |ψj(x)|2 = 1; if we had chosen the biorthogonal norm instead, the
a−x factor of the right eigenvector will cancel with the ax factor of the left eigenvector, resulting in a more trivial
normalization factor of
√
2
L+1 . The biorthogonal norm, however, is the overlap between H and H
† right eigenstates,
which is impervious to skin effect physics. Therefore, we shall only consider the normalization between the right
eigenstates, for which Eq. (S3) can be proven by expressing the normalization sum as a geometric series involving
powers of a and e±
ipij
L+1 .
2. Many-body groundstate
From Eq. (S2a), we know that εj decreases monotonically with n, so that the N -particle fermionic ground state
is the Slater determinant of ψL, ψL−1,...,ψL−N+1 (Excited many-body eigenstates can be obtained by choosing ψj ’s
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FIG. S1. (a-c) Spatial density profiles ρ(x) for n = 2, 3, 4 particles with hopping asymmetries ranging from α = 1 to 4 at
intervals of 0.2. The jumps become sharper with increasing α. (d) The linear relation between the Fermi-Dirac distribution
parameter Λ Eq. (S6) and hopping asymmetry α, at least for α > 2. Purple/red/orange curves represent n = 2, 3 and 4 cases
at half filling, as depicted in (a-c).
that do not correspond to the lowest allowed energies.). Specifically, we have for the ground state
ψ(x1, x2, ..., xN ) =
1√
N !
∑
σ
sgn(σ)
N∏
j=1
ψL−j+1(xσ(j))
=
ΩN√
N !
a−
∑N
j=1 xj
∑
σ
sgn(σ)
N∏
j=1
(−1)xσ(j)+1 sin pijxσ(j)
L+ 1

=
(−1)NΩN√
N !
(−a)−
∑N
j=1 xj
∑
σ
sgn(σ)
N∏
j=1
sin
pijxσ(j)
L+ 1

=
(−1)NΩN√
N !
(−a)−NxCM ψ˜(x1, x2, ..., xN ) (S4)
where ΩN =
∏N
j=1NL−j+1 is the overall normalization constant. We see that ψ(x1, x2, ..., xN ) factorizes into the
product of the Hermitian (a = 1) Slater determinant ψ˜(x1, x2, ..., xN ) and an exponentially decaying envelop controlled
by center-of-mass coordinate xCM =
1
N
∑N
j=1 xj . Although the hopping asymmetry a seems to enter only trivially in
exponential factor, it in fact affects the ground state single-particle marginal probability density
ρ(x) ∝
∫
|ψ(x1, ..., xN−1, x)|2
N−1∏
j=1
dxj (S5)
nontrivially by creating a jump in the spatial profile reminiscent of a Fermi-Dirac distribution. This spatial density
can always be exactly computed via Eqs. (S4) and (S5), and is explicitly plotted for n = 2, 3, 4 particles in Figs. S1(a-c)
for L = 2n and α = log a = 1, 1.2, 1.4, ..., 4. Since the ψj ’s are in general not orthogonal in this non-Hermitian setting,
the Slater determinant is not automatically normalized. As such, ρ(x) as plotted had been normalized such that it
sums to n, the number of fermions.
From Fig. S1(a-c), nonzero α is seen to push the fermions to the left, resulting in an accumulation of charge. Due
to the Pauli exclusion principle enforced by the Slater determinant, ρ(x) is bounded above unity, thereby resulting in
a jump in density between x = n to x = n+ 1. This jump can be very well fitted by the Fermi-Dirac distribution
ρFD(x) =
1
1 + eΛ(x−n−1/2)
(S6)
from which tanh Λ4 gives the gradient of the jump. In Fig. S1(d), Λ is numerically verified to be linearly related to α
i.e. Λ = 4α+ Λ0(n), where Λ0(n) is a n-dependent offset. This linear relation however starts to break down at α < 2,
where the asymmetric hoppings are too weak to ensure a monotonic spatial density distribution.
To analytically probe the origin and breakdown of the linear dependence of Λ with α, we consider the exact
expression for ρ(x) in the simplest possible analytically tractable case with n = 2 and L = 4. Eq. (S5) gives
ρ(1) =
a6 + 4a4
1 + 4a2 + 4a4 + a6
; ρ(2) =
a6 − a4 + 5a2
1 + 4a2 + 4a4 + a6
; ρ(3) =
1− a2 + 5a4
1 + 4a2 + 4a4 + a6
; ρ(4) =
1 + 4a2
1 + 4a2 + 4a4 + a6
,
(S7)
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FIG. S2. Spatial densities at different inverse temperatures β, all at half filling L = 2n = 12 and in the noninteracting limit
U = 0. As temperature decreases from left to right, ρ(x) becomes less smooth due to the averaging over fewer accessible states,
until it ultimately reduces to the ground state distribution which is well approximated by β = 4.0.
for which the jump is given by ρ(2)−ρ(3) = (a2−1)(1−5a2+a4)1+4a2+4a4+a6 = 1−10/a2+42/a4+O(a−6). Comparing this asymptotic
result with that of the Fermi-Dirac jump tanh Λ4 ≈ 1− 2e−Λ/2 in the large Λ limit, we see that Λ must thus scale like
4 log a = 4α.
From the expressions of ρ(x) given by Eq. (S7), we also see that a kink develops when a = eα <
√
5+
√
21
2 = 2.1889,
such that ρ(3) > ρ(2). This kink extrapolates down to the Hermitian limit of a = 1, where the oscillatory nature of
the ground state triumphs any asymmetric pumping. Although this analysis was performed for the simplest case, its
results hold true qualitatively for generically many fermions.
Although we have identified the density profile with a Fermi-Dirac distribution, Λ is still not a true inverse temper-
ature parameter because it is conjugate to a position variable and not energy. But just like how ordinary Fermi seas
arise from the balance between universal energy minimization and QDP, an emergent real space Fermi sea is formed
when asymmetric gain/loss relentlessly pushes all fermions in one direction until counteracted by QDP. Indeed, the
real space FS is exactly analogous to a zero temperature FS in the |α| → ∞ limit, where all fermions completely
condense onto one side. But for finitely large α where ρ(x) is not a perfect step function, the identification with a
finite temperature FS is more subtle. After all, the spatial eigenstate profile is a pure-state property, but temperature
is a characteristic of a mixed-state ensemble. A more careful identification of the temperature of this emergent Fermi
surface will be given in the following section by invoking entanglement entropy.
B. Numerical results for general cases
More generally, we obtain the spatial density in the presence of interactions and nonzero temperature through exact
diagonalization. For the latter, we assume that the system is in an incoherent ensemble of the eigenstates, such that
ρ(x) =
∑
j e
−βEjρj(x), where Ej and ρj(x) are respectively the energy and spatial density of the j-th many-body
right eigenstate.
The effects of finite temperature are shown in Fig. S2, still without interactions for easy comparison with the zero
temperature (ground state) results of Fig. S1. Evidently, at small gain/loss asymmetry α, the effect of asymmetric
pumping increases with temperature (smaller β), since more states become thermally accessible. At larger α > 2,
the temperature no longer affects ρ(x) so much since the Fermi surface is already well-defined, consistent with the
entanglement entropy results in Fig. 2(b) of the main text where the EE remains almost independent of β. In general,
higher temperatures lead to a smoother ρ(x) by involving more states. However, by comparing Figs. S1 and S2, we see
that the ground state profile is already well approximated by a temperature of β−1 = 1/4, which is actually already
very low in comparison with the large energies associated with the Jeα hoppings.
Next, we present the interplay of finite temperature with interaction effects (U > 0) in Fig. S3, complementing
Fig. 3(a) of the main text. At finite temperatures (middle and right column), we observe spatially oscillating charge
density waves (CDWs) that exist to offset the energy penalty associated with nearest neighbor repulsion. These
CDWs, which are dominant in the Hermitian limit, are suppressed when the asymmetric pumping is sufficient large
(α > 3). As temperatures increase, higher energy states that are not penalized by the NN repulsion also become
accessible, thereby leading to decreased contributions by the CDWs. In the infinite temperature limit (left column),
CDWs are totally overwhelmed by the higher energy states, such that the interactions only smudge the Fermi surface
in their competition with asymmetric pumping effects.
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FIG. S3. Spatial densities at different inverse temperatures β and NN repulsive interaction strengths U , all at approximately
half filling n = 7, L = 13. The interactions favor CDWs, which are more pronounced at lower hopping asymmetries α. However,
higher temperatures (smaller β) make higher energy states that penalized by the interactions also accessible, thereby drowning
out the effects of CDWs in ρ(x).
SII. ENTANGLEMENT ENTROPY COMPUTATIONS
A. Generalities
Without considering interactions U , our system consists of free fermions, and the entanglement spectrum and
entropy can be extracted from the correlation matrix. From [81], Wick theorem states that every fermionic correlation
function can be expressed as a linear combination of products of two-point correlators, i.e. Cij = 〈ψ|c†i cj |ψ〉, where
c†i , cj are restricted to a subsystem A defined by the entanglement cut. Therefore, the reduced density matrix of
subsystem A must take the Gaussian form ρA =
1
ZA
e−hA , where hA =
∑
c†lhlkck is referred as the entanglement
Hamiltonian and ZA is the reduced partition function of A. One can simultaneously diagonalize C and hA and find
C = e
−hA
1+e−hA . The entanglement entropy is thus given by
Sent = −Tr[ρA log ρA] = −Tr[ e
−hA
1 + e−hA
log
e−hA
1 + e−hA
+
1
1 + e−hA
log
1
1 + e−hA
] (S8)
= −
∑
m
[λm log λm + (1− λm) log(1− λm)] (S9)
where λm are the eigenvalues of C. For a non-Hermitian system, this approach works for either LL/RR or LR
correlators viz. Cij = 〈ψL|c†i cj |ψL〉, Cij = 〈ψR|c†i cj |ψR〉 or Cij = 〈ψL|c†i cj |ψR〉. But since we are only interested in
the entanglement properties of the right eigenstate, we shall only employ the RR choice in this work.
For the more generic interacting cases we studied, the EE has to be computed by working in the full Hilbert space
of the system. For illustration, consider a fermionic chain consisting of L sites. We can represent it as a chain of L
S5
qubits, with |0i〉 and |1i〉 corresponding to an empty/occupied site i. Note that if we only consider particle-conserving
systems, the physical Hilbert space is actually a subspace of this full Hilbert space. We partition this chain of qubits
into left and right parts, and consider the left part as subsystem A. After solving the non-Hermitian Hamiltonian
defined on this chain, we can construct a well-defined density matrix of the system from the right eigenstates via
[ρRR]µν = |ψRµ 〉〈ψRν |. Next we trace out degrees of freedom of the complement of a subsystem A and obtain a
reduced density matrix ρRRA = TrAc |ψR〉〈ψR| =
∑
r λ
2
r|ψRr,A〉〈ψRr,A|, where |ψR〉 =
∑
r λr|ψRr,A〉⊗|ψRr,Ac〉 is the Schmidt
decomposition of a representative |ψR〉 and Ac is the complement of A. For some elementary intuition [82, 83], the
simplest example of a Schmidt decomposition can be found in the SVD decomposition of a matrix, where the original
matrix is decomposed into a linear combination of rank one matrices, each which is a tensor product of a row/columns
vectors belonging to A and Ac.
The von Neumann EE with respect to the entanglement cut separating A and Ac is similarly given by
Sent = −Tr[ρRRA logρRRA ]
= −
∑
r
[λr log λr + (1− λr) log(1− λr)]. (S10)
where λr are the eigenvalues of ρA. Note that this latter approach is much more resource consuming than the
correlation matrix approach, as diagonalization and partial trace are done on matrices of size 2L, where L is the
system size.
B. Entanglement entropy results for non-interacting cases
1. Scaling of Sent in the Hermitian non-interacting limit (α = U = 0)
We first benchmark both our correlation matrix and full Hilbert space EE computation approaches against known
results for the simplest non-interacting Hermitian case at zero temperature. For such a critical fermionic chain
H = J
∑
x(c
†
x+1cx + c
†
xcx+1), it is known that the EE scales like [64]
Sent(PBC) ∼ c
3
log
[
L
pi
sin
piLA
L
sin
piLF
L
]
+ const′.,
Sent(OBC) ∼ c
6
log
[
L
pi
sin
piLA
L
sin
piLF
L
]
+ const′., (S11)
where LA is the position of the entanglement cut and LF /L = n/L is the filling fraction. As in Ref. [64, 84, 85], we
have re-interpreted n as a ”momentum space cut” LF such as to exploit the position-momentum symmetry of the
model. As demonstrated in Figs. S4 and S5, our numerical results via both approaches exhibit excellent agreement
with Eq. (S11). Then we benchmark our computation for OBC EE at finite temperature with the thermal density
matrix ρA,thermal =
1
ZA
∑
j e
−βEjρA,j . Our numerical results agree well with the conformally transformed standard
results [15, 66] Eq. (2) of the main text as shown in Fig. S6.
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FIG. S5. Scaling behavior of the ground state EE with LF , LA and L for the U = α = 0 case, as computed by considering the
full Hilbert space. We have set L = 20 and LA = LF = L/2 when they are not being varied. Orange curves denote the fits
from Eq. (S11).
!" log & +c.
!( log & +c.
!" log sin(-&./& ) +c.!" log sin(-&1/& ) +c.
!( log sin(-&1/& ) +c. !( log sin(-&./& ) +c.
FIG. S4. Scaling behavior of the ground state EE with LF , LA and L for the U = α = 0 case, as computed via the correlation
matrix. We have set L = 100 and LA = LF = L/2 when they are not being varied. LA and LF are implemented as position
and momentum space ”cuts”, i.e. by projecting onto the first LA sites and LF lowest eigenstates respectively. Orange curves
denote the fits from Eq. (S11).
2. α-dependence of non-interacting Sent at different temperatures and system sizes L
We now proceed to study the effects of nonzero hopping asymmetry α on Sent, but still at U = 0. Since the real
space Fermi surface only exists when the fermions are confined by a boundary, we shall henceforth consider only
OBCs. At small α, the FS is not well-defined, as evident in the previous section, and the ground state EE scales
rather irregularly with both L and α (Fig. S7(a)). Larger α, however, gives rise to sharper well-defined FS, leading
to lower EE. Plotting some of the same data against L in Fig. S7(b), we observe a clear monotonic increase of the
ground state EE with L, although not necessarily logarithmically as in the Hermitian case (Figs. S4 and S5).
To obtain further insight on the nature of the real space FS, we consider, as in the main text, nonzero temperatures
which interplays with the smudging of the FS due to α. Accompanying Fig. 2 of the main text which shows Sent vs.
α at various β for L = 12, here we present analogous results for L = 10 and L = 8 in Fig. S8 and Fig. S9 respectively.
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FIG. S6. Scaling behavior of OBC EE with the inverse temperature β at half filling for the U = α = 0 case, as computed by
considering the full Hilbert space for L = 8 and L = 12, and using the correlation matrix method for L = 200. Orange curves
denote the fits from Eq. (2) of the main text.
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FIG. S7. (a) Ground state entanglement entropy Sent(GS) vs. α under OBCs with U = 0. Universal behavior only exists for
α > 2, where a well-defined real space FS exists. The cuts are taken at LA = L/2 at half-filling. (b) Sent(GS) vs. L under
OBCs with U = 0, showing monotonic scaling behavior at nonzero α that is no longer logarithmic.
For large α > 2, the fitting to αe = η(α − α0) of the main text holds very well too, consistent with our two-qubit
caricature. For small α < 2, the fitting to Eq. (2) of the main text also remains robust, with renormalized inverse
temperature maintaining the form βe = (1 + α)β + δα
2 with  = {0.75, 0.75, 0.75} and δ = {1.25, 0.45, 0.25} for
L = {12, 10, 8}.
SIII. FURTHER DETAILS ON PBC-OBC SPECTRAL INTERPOLATION
Here we provide a more in-depth understanding of the insights gained from the PBC and OBC spectra of our
model. In the PBC limit, translation invariance admits lattice momentum q as a good quantum number, and allows
our Hamiltonian to be recast into H|PBC =
∑
q J cos(q + iα)c
†
qcq + U
∑
periodic x
nxnx+1. At the single-particle level,
α thus appears as the imaginary part of the momentum that encodes, via ei(q+iα)x ∼ e−αx, the non-Bloch spatial
accumulation that will occur under OBCs. In other words, the extent of spatial accumulation α can be inferred from
the difference between the PBC and OBC spectra, which are given, up to exponential corrections in system size [49],
by the energies corresponding to momenta q+ iα and q respectively. In a recent work relating OBC-PBC spectral flow
to complex flux pumping [49], the localization length can be computed from the imaginary gap band structure [86, 87].
This still holds generally in many-body settings, with a longer spectral flow trajectory between the OBC and PBC
spectra implying stronger spatial accumulation due to asymmetric gain/loss pumping, as presented in Fig. 4 of the
main text. Note that in the weakly repulsive U = 1 case, the PBC spectrum (circled purple dots) is almost identical to
the non-interacting PBC spectrum J(cos(q+ iα) + cos(q′ + iα)), q, q′ ∈ [0, 2pi], which is symmetric about Re(E) = 0.
Negligible differences also exist between the lowest and highest energy OBC states (red triangles), since the physics
is dominated by the asymmetric hoppings.
From the spatial profiles of the 2-fermion eigenstates in Fig. 4, we see that whether the two fermions are likely to
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FIG. S8. (a) OBC Entanglement entropy vs. α at different inverse temperature β with L = 2LA = 10. (b) Fitting of data with
−2αe/(1 + e−2αe) + log(e2αe + 1) where αe = η(α− α0), α0 = 1.9, η = 1. (c) Fitting of data with 1/6 log(βe/pi sinh(piLA/βe))
where βe = (1 + 0.75α)β + 0.45α
2. (d) OBC Entanglement entropy vs. α at different subsystem length LA at L = 10. Fitting
of data with −2αe/(1 + e−2αe) + log(e2αe + 1) where α0 = {0.6, 1.0, 1.4, 1.9} and η = {3.0, 2.7, 2.0, 1.0} for LA = {2, 3, 4, 5}.
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FIG. S9. (a) OBC Entanglement entropy vs. α at different inverse temperature β with L = 2LA = 8. (b) Fitting of data with
−2αe/(1 + e−2αe) + log(e2αe + 1) where αe = η(α− α0), α0 = 1.6, η = 1. (c) Fitting of data with 1/6 log(βe/pi sinh(piLA/βe))
where βe = (1 + 0.75α)β + 0.25α
2. (d) OBC Entanglement entropy vs. α at different subsystem length LA at L = 8. Fitting
of data with −2αe/(1 + e−2αe) + log(e2αe + 1) where α0 = {0.7, 1.1, 1.6} and η = {3.0, 1.9, 1.0} for LA = {2, 3, 4}.
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FIG. S10. Evolution of the PBC spatial density distribution of the two-fermion highest energy states as the interaction strength
changes from U = 1 to U = 5, all with L = 10 and α = 1.
be spatially close to each other depends a lot on the relative strength of the NN repulsion U , as well as the boundary
conditions. In particular, the highest PBC energy state (where U acts as an attraction instead of repulsion) depends
drastically on U , as elaborated in Fig. S10. As U increases, the effective attraction between the fermions of the highest
energy state encourages them to come close together, breaking the effective mirror symmetry of their joint spatial
configuration at low U .
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